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. R
« My BEFNAGEE
« FEEARNEF [ (Ax = 0g9FR= [8))
« FTTEAx = IR

« O+ Z3 8] HY2E




o] £

g=3[8R"A C"

oRn
Q(Cn

FrEn P sLfin 2 mEnEs
FTEn M E#HnEndmnEnNSEs

[4} isinR?, (1,1,0,1,1)isin R®, {

7

5 RY/ CPHRE TR A SR ETRY C
IR RN FROBENG NS EETE— MU

Figure from Strang, introduction to linear algebra



(2 PE=3 [H])

X EEF EREESEERGIE+ VXV - VAER-
VEeERHBEUTAENESY

X+y=y+x
o x+(y+2)=(x+y)+z
. FEE—HNFTEEOFESENTERx, x+0=x
. WERx, FEE—WNEE-—xFSx+(—x) =0
. 1SRxEHTx
(c162)x = ¢1(c2X)
cx+y)=cx+cy
(ci +c))x =cix+ cyx

aE=E 0 (FHESER) EX T INETIEERAZ(E




o) E % E]

* AETEFHITTEA—EEHEXH TE (—3%)
- EXEEIFEE %EE’E'E/:.\ REMET tHZEMZENMR
. *ETEES( M B VEIEFESE T 2H A
] T R ESSE
*« M: ﬁﬁﬁ mxn SERE F4 44 i AY 25 (8]
* F: T LR 2 () F A BY = (8]
* L: /\EAmEEﬁ S 8]

. Q/E *ﬁ

- m

1 L%
10

N@
JF 5



F==[8] (subspace)

2% lif\IE?VE’J%

S[FVg2VI— 11 5&, FHR

NTFEFTFE=ENAXEviw, DIE—1IR=C
1. v+wEVilNTE
2. cvEVsEITTER
TR T AR
ZEHRITTENE M HESEE R —F =g

FomBRan

Eoag (R

v+ (—v))

&

H PR AT




iz

o« ] . R3FAYFZRH]
71_1_)_"?'?,'\'2\'_\5']$ﬁ NE

y ﬂ?ﬁﬂ’]ﬁ?}z E
s RS E’J$ﬁ .
y RBZIK%
E%&%4Em—%ﬁ:
FHEHBE—RR - A=
s FEHNE-—RBME=RRNFTE | 12
C VRWETFEER, BAFELMAE Y + dwhETE-




TR

* 2x2FEPEA AR Y 2 M == [B]M

+ U R = FsERE (] @

: 0
-D.%ﬁmw%ﬁmﬁ Q
C BMERHA
o BNARPEIMI P F = [a)Mg ?



B FEARS =S (8]

* EX
FEFEAMNS =B C(A)BANFTBIIRNAMHAHE
s HEAx =Db
. Ax € C(A)
s TRERREMe bEERETCA)
* NRAZTmxnfY5E[E © C(A)ZRR™BAYF = [8)

s INRICABAERZIR™HY (%1%) RS, 2CA)ERXNELMEE
maRE (&) (image)
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« 51

|

L1
L2

0
} whichis x7 [4| + 22 | 3
52_ u-3-d

Plane = C(A) = all vectors Ax

Figure from Strang, introduction to linear algebra



&4 5K (span)

« — 5K, EEZFEVIFESAEFEE
« M\SH1EH FZ=[E] ?
« MY K 0 SS =span(S) = SHEEZAMMELXMHAEEGHNES
* SSEVHIFZd]
* C(ARARBIIR LMY 5k

Bl - AT RERERY I E] 7

G G 6o




INGG

o« T lEﬂ R RTINERMEFEAN/NEAENES
o {31 - ﬁﬁ’ﬁ mxnSL4E[E, FF
¢ FI3 lEﬂ Xt NsEFO Sk = 7]

* mxn3LEEfFARFIZE (8] C(A) 2 AMFSK AV Z = [E], C(A)=R™
H— P F = [g]

* JiTEAx = b 5 H e 2B RETC(4)




NI E

* [ EX 8]
« M. ERSEE
* JEPEARE R [B] (Ax = OBV [H])
« HEAx = DN E R
s ONF a4 E




2 M IR N7

* EX n/\ﬁ%{vl}afﬁ MRz Ry, SHNS
l 1xiv; =0 /':{?'_xl = OFY pi 37 (/\ﬁoﬁj’—%)

* LMK n M EEWIAREMIRZ, BAMIIEZELMEER
 HE

cA=(V1 - Vp)
c Ax = 02 ERETRH
* BEAZ—TmxniiERE, RMEIB—RZEME T EANFIR
S | {(viegMMyn, NEEFE— 1T EEEFNESK
/I:\l':',. ERENZEMEHEE

%'."ITF 4H$




2 M IR N7

o« 5] . R

(a) The vectors (1,0) and (0, 1) are independent.

(
(b) The vectors (1,0 1,0.00001) are independent.
(

(¢c) The vectors (1,1) an 1, —1) are dependent.

) and (
) and (
) and (—
) and (

(d) The vectors (1,1 0,0) are dependent because of the zero vector.

(e) In R?, any three vectors (a,b) and (c, d) and (e, f) are dependent.



2 M IR N7

s WA EER DL MM FHEFEFZ VI
Bl EFEF=C V=C
» VSR ALERZCTIIRE, MHz1 + 2,0 = 0EELUE P H IFORE
* AR, IR AL EHEHRH
Bl FEF=R, V=C
* IMIFMZCHNREE, BEal + api = 0ELEE X H IF0ME
* FESREUET, 1R ERE AL KA




2 % == [B] Y &

*EBX MR EVIEE—HE&MLTXNEE{v;), FEMIEK
BN M= 8]V
« ZeMTEX [ YL xv; = 0 R¥EX; = OB AR AL
s RV | VAR — e EvEl Y] IAE v N & A S
 {v;} BES{vIBIE

« 51

The basis vectors @ = {

1

O] and 7 = {(1)} are independent. They span R*.

« HE o {e AR Ay —AHE

Figure from Strang, introduction to linear algebra



211 =S B AU 5

y i@?&%é’ﬂﬁx VIR EE— 1 EEvel o] IME R E{v % 118

=
cBRikv =YY, q;v;, XPNEMAEEEHE—N
* IEAH !
c WMRv =Yiaqv;Bv=3%_1bv;, N0=%_; (a;—b)v;
« A} (BERNEX) , W(a;—b) =0
s IR —PMEMEENAEZ—HMEE TN —AE
s v,V BRTHAENFREN—AHE, SHEEA= (v, v,)
NC(A) = span{vy, -, v, }




2 Mt =S B Y2

s EX ML EVNEREdmVFTEE—HERREN DL
LT BRI E AR

« NEHA
« MAHE . {V1
* EIA{W1

© UmpM{W1 o Wai,
WnlEH, v; = Xj-1W;a

{ERi&m>n

* ZREMABY S, xiv; = X jawpa, BAWL o Wl X, Fir
LXZi,j XiWjiQ;i = O?Etlz'uziajixi =0

« B2 ajix; = 0 RAEAI NI KT 777
FANESE g

B{V1 " Um}EMIRNFE (XLixv; = 0RBEME) =>mAEKRTn
* FEEmMARE/NTn, &Em=n

A5,

EHNEN, REBGERE—EHE




2 Mt =S B A4 K

s WNEMREV, MV, , REFEEv eV, JUERV,FR=R% M
4, NldimV; < dimV,

* UEAA
V17T‘DV2E’Jﬁ/\“J1E'jJ {1 - UmjHI{W1 o Wrj
* HR1%, v; = J 1 W;iaji
* FRGMAEFTO0 = X0 xv; = X xwiag;, BAAWL - Wal 25, P
A2 ajix; =0

« XA A{V1 - UmpEE, FTY;qx; = 0RB0E (x; =0)
e m < n, HFWdimV; < dimV,
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« 5] . Z

C BREHO, RESE
o 5] : 5EpE
w3275 B AR A9 1 25 ) O AR e

‘n

‘n

‘n

XS FA AR

51 XS RRAE

25 [A) o

Ve f = [B) 24X

=1
£

b= AR TR AR n? + o0
7 28 8 A F2n

1
n’+-n



2 Mt =S B A4 K

B - W RS
dx o
mﬁ—o, ﬁq:.X—C‘th

d%x s . . |k K
m—s = kx. ﬁqz.x—csm\/;t+dcos\/;t




AEIEZ I\Ej E/‘] 7’@32‘]51)7%

s M EVARNWAE (v o UeRI{wr o Wi
s HERE X T4

cvy = Eiawiay, o BBy SR Wi EARKNRE
cwi =S viby, by RRwSHEM VNG ARHORY

* JBFEA = (ai)FRAMWL - WirlE{vr - R R IRFERE
* F8FEB = (b)) AMYL o U} El{WL o W THREERE

—

« B  FEf5A, BOJiE, MMHEAB =BA =1

. -L[EHH&"%H—( L V= 7{:1 W;ai; = 7{:1(27];:1 Vg bki) aij

lnn




INES

o ZeMh7  n M EEv My, YANYAREYL, v, =08
=o):

y % iAE VEOE | —A%MLRMEEw}, FEAIHKRED
231V

« ZZMEEVHEEVA R AKNE M TR E=4H
« MR ERIFENREEEHEENEE, XM EHEX HEHES
8] Y 4E 2

c (v, VI BRTHREN T EN—HE, HEEA= (v,,v,)
jH\IJC(A) — Span{vl' '"'vn}
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¥EPEARZT = 8] (Nullspace)

* EX I mxnFEEARNZE T [8]N(A)ZAx = OFTH AT A= (8]
s NAER"WF=g (FEEEREINENECETHF)
* C(A)ER™AYF = 8]

* NRAZYHER, NNA) =Z (REFEE=E)
* NRAZEBEHS, NINA) =Z (Ax =0:F0MHE)
« 51

_ x1+2x2=0 x1+2x2=0
A—[3 6 3%, +6x, =0 0=0

* N(A) : x;+2x, =0EXHEL



A FFARY = 6]
- 31

_ x1+2x2=0 x1+2x2=0
A = 3%, + 6x, =0 0=0
3 6 1 2

* N(A) : x; +2x, = 0EX I E %
Ny (T2 = e ()

C

c N(A) (77 roski ek
s R T KEIRNA)—HE



NATHAEREFEFIN (A) B9 93 1R

Pivot Variables and Free Variables in the Echelon Matrix R

(p p f p f] 1 0 a 0 c] :(;) :2
0 1 b 0 d
A= l ‘R_0001681_382_2
_ ) |0 0 0 0 0] I o 1]
3 pivot columns p I in pivot columns special Rs; =0and Rsy=0
2 free columns f F' in free columns take —a to —e from R
to be revealed by R 3 pivots: rank r = 3 Rs = O means As =0

R shows clearly: column 3 = a (column 1) + b(column 2). The same must be true for A.
The special solution s; repeats that combination so (—a, —b,1,0,0) has Rs; = 0.
Nullspace of A = Nullspace of R = all combinations of s; and ss.

B RIS [EJHYE 7

Figure from Strang, introduction to linear algebra



NATHAEREFEFIN (A) B9 93 1R

* N(A) = N(R)
« HIERx =0, EFIXNAIARFNE] U AHB B XN REFETFTK R
* N(R) B9E

- SNEHRFIAHEETH—NEEY, NR)NAEK=-ERIINES

s BEFIINEHXSENT © x =1, aWNETEBIINSER0, x%
NEHNDEANX; = —R;;
* 75 BBEITUERMEIINEEHE

.« FTE £FIMKC(R)H— A%




*EFERIFE (rank)

. % %é): FHEREANFR AT B E Y S EMNEL (FESUERTTHK=S
l
» EFNLTMHBIERR = rref(A) I TTH
» ETLNUITNAEIERR = rref(A) M EFIEK

« 51

L =3, 4 0 3 5
[ ] and {O 5] and {2} and [6] all have rank 1.

1 3 4 0 1 1 :
Ttr— [O 0 O] and [O O] and [O} and [1] have only one pivot.

Figure from Strang, introduction to linear algebra



/J \g:':

* B }?AE’\JE\'??I\EU - mxnZEFFARZ = BN (A):2Ax = OF A 1AL HY
H

* FEFEFARR L TZERINFEF S B4 (RS ULATTR=51%%)

o« HEFANFTIIEEERER = rref(A)FIIEZTTHL
o T AITIMIEAERER = rref(A) B9 T 51 %5
-ﬁnééﬁgﬁiﬂ’aﬁuaﬁikézﬁé&, N4EE—EE B8HY, FrANNEE
== [8]3EO




HBRE

* (=% 8]

« My . B4R
c SEREAR T (A (Ax = 0OFRZS[g))
s F#EAx = bRYCEfR

« ONF=E R IEE




M EARIE#E (revisit)

« Z7E] | M AEHAx = 0pV 1B
« ER&GMTEHAx =D

« AsEmxniE %
c B x=x, +Xx,

* Xpe— MR

* X EANESEINA)MNERITTE




M EARIE#E (revisit)

« 2 M TEZHAXx = b
« AR mxnFERE

*BIREEA b)), AT EEEAR 4
WA . RSN KA EST

Sy O O
N
)
I
1
OO =
O O W

(A b] =

rb—*Ob—*1
w O W
—_ = O
Sy = DO

w
L

R d]




e TR IB R

« B REPEA b)), NLITNEEEAR  d)

* %% Rx, =d

c B xp, €EN(A), x,F/IEBNAFENELMAE
« 51 :

"1 3 0 2 (1) F 1]
00 0 0 0

i 0| LO.

- - -

T =&y + Ty = (6) + 2 (1) + x4 _91
[ | 0] il




e TR IB R

« BT REFE(A b)), AMITEEEFEAR d)
* %% Rx, =d

* xp —FHEER TR | BEYIXMAIRFEEO, AR

W (xp)i = b

« 5 : "1 3 0 2 (1) Bl
0 0 0 O " | @ |
L -3 | — 2]

T=xTp+ Tpn = (6) + T2 (1) + T4 _91

0 0 1

E TSI Y 1 ST



e TR IB R

* i ERRAR— DO TIE, Ax = b YRR Y
e rref(A) =1, N(A) =27
* (A,b) = (1,A™'b)
cx=x,=A""b

« 51

1 1 bl | 1 by 1 1 by 1 0 2bp—be
A= 1 2| and b= |b 1 2 by| = |0 1 bo—by | = |0 1 by—0b
-2 =3 bg -2 =3 b3 0 —1 b3+ 2by 0 0 bsg+bi+ by

_ 201 — b2 0
e=mran= |3 0|+ |o




AAFE (full column rank) %EF&

c EX T AmHIFR, MRFRr=F£n
- ARFTEAIE=ES B EHY)
* /\/\IEHN(A)/\EA['_JE
- Ax = bWIREMH beCcl), BRE—H

1 1 b1 1 1 b 1 1 b 1 0 2b; — b
A= 1 2| and b= |by 1 2 byl =0 1 by—b | = |0 1 by—b,
-2 =3 b3 -2 =3 b3 0 —1 b3+ 2by 0 0 bz—+bi+0bs

B 26, —b2] . [O
== [0 4o




#H1TR%  (full row rank) %B[%&

« EX I AEITRR, WMRFKr=17%Im
s ANFREfTEPE T, RIXBET
« Ax = bXt T {ERDbEFE &
. C(A) = R™
* dimN(A) =n—r=n—-m, sKER"WAI— P n-mZEZ =g




M I EEBNELE

The four possibilities for linear equations depend on the rank r

r=m and Tr=mn Square and invertible Ax = b has 1 solution
r=m and r<n Short and wide Ax = b has oo solutions
r<m and 7r=n Tall and thin Ax = b has0 or1 solution
r<m and r<n Not full rank Ax = b has 0 or oo solutions
I I F
Four types for R | T] I F] [0} [0 0]
Their ranks r=m=n r=m<n r=n<m r<m,r<n

Cases 1 and 2 have full row rank » = m. Cases 1 and 3 have full column rank » = n.
Case 4 1s the most general in theory and it is the least common in practice.

Figure from Strang, introduction to linear algebra



/J \g:':

s FEEMM=F TN, AT BEENZITHE=mr

« Ax = bPE RN BN Y 5EE (A, b I RE—F 25|

 FFfEa, N—FIERITI | BHEIIN NS ER0, MRFETHF
17ESEj T, W(xy,); = b;

s MR REGEESmFk | TRENE B HE—F

c MIRREBGEFEITHIL  AE—BEE LS Z®




NI E

* o] 2% [H]

« Zp ST . BERGEE
c BEARNE = E (Ax = ORYFE=[H])
« FTTEAx = IR

M= EEE

r

o |)




A EIEREAT XA T

* mxnfE[%A
« FTREICAT) : TBEfTRENE MY K, R'MT(E
* FIZREIC(A) : FrBEFIREMNEMY K, RT™AFZ(E
« BREIN(A) : Ax = OB % =8, R"MF =g
« 2EF =8 (leftnull space) N(A") : x"A = OFSRMA AL = (E, R™
== [g]
c HE (LMHREANEIE)
« C(AT)FIC (A)E’Ji’ﬁf HETARNKr (175=5%k)
* N(AWHEEZFFn-r
. N(AT)E’\J?EJ* EFm-r




TR (%E

[NV

s TR ARSI A RAEEA

* {EINFERE 1+ aey;

« BEIRFEFE D I tejte—ey—

o fERFEFE I+ (c — 1)ey

€jj

« S - FHYIFRE G FRAEFEA
* A(I + aeyj) © AREIFEaF IR EjF
* A(I + e +ej; —e; —ejj) | IRANFBIFNFE]F

=Es

. A(I + (C — 1)eii) : AE’\J%IﬁUj

EE $C




T AT =3 8]

s RIRER— RTINS NV AIFERE, Efif
« AMMEAGHHREINZEZ 8]
« N(4) = N(EA)
« IFARERR : Ax = OfYfREEAx = OB9fE, R thplsr
« AMEAF|Z a2 EMERE F=EA—E—F ! 1)
« dimC(4) = dimC(EA)
« IERAEES  RRwIECAMN—AER, IEB{Ev}EC(EAN—HE.




Al 2= A0+ 23 [g]

s BRER— RIS TR N AVFEFE, E0li
* AFMAEFHEIMNZE S B4 E
e dimN(A4) = dimN (AE)
« IERRERE | xZBAx = OFE, MAE 'xpiEAEX = 009, FRik{v}E
N(AB—HE, EE )} ENUAE)H—EE
* AFIAE BHEIMNF =8
 C(4) = C(4E)

IFREE | AERE—FIRANSIMBINANAS (MRS Y
5) |, XEHNA= (AEEL, ASE—FIth ZAERS| @ BHANES
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FEPEARF 2 B EH)ZF

%EBEAT%)]E*T%_F
F=[8]C(A)NEE AT
» EFEINANERARE
* T
« TXEINA)AE
. J*T%T
F =z [8]C (A) A&
. %EBEATE’J?:—aIEﬂT%]JQ#T%T!ZDﬁ I
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1
T
el

an
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0 B 0% 5 22 HR

* FEFEAT] PUBE HIFITE R ITHIIETL LR = rref(4)

-
.

4

C

R—

O = O O

d
e
0

O O o Q9

1 0
0 1
0 0
0 0

Pan

* RO IS T HR LAY

"
I:(TST 0)

» STFAEREL - 178 (dimC(™) ) =3% (dimC()) -=r,
dimC(I) + dimN(I) =n, dimC{U") + dimN{") = m




B FLT R

. %EBEA—ILX@Q??QT%+§UTT%7W%%B$I
I'= ( 0 0)
» SHFHREPEL - 78 (dimC(U")) =5I# (dimC{)) =
dimC(I) + dimN() = n, dimCU") + dAimN{T) =m
s U ERHXESEEYFTHTEAT, Frid:
« ZMRBELAEE (F—3P5)

7% (dimC(A") ) =3I#% (dimC(4)) =r, dimC(A") +
dimN(4) = n, dimC(4) +dimN(4") = m

lnn




o] 3 &R [ H9 ) BT

 FEFEAT PUBIS 17 e+ B T 3 AR B PET
i — (Irxr 0)
0 0
* !ZH7<AEHB)I77|Z$ ELrank(A) =n, )HIJAT[//(

¥ E -E1A=1
s AAVFREFEMPBAFERETYE, PrIlAtho] i

- B | FIFEAT IS HIXN S AT

I'I'

ORI

R AR AR AL



SURBEATE (F—H5)

* TTRR=FI K

dimC(A") = dimC(4) =r
e dimC(AT) + dimN(4) = r + dimN(4) = n
e dimC(4) + dimN(A") = r + dimN(4A") = m



4

1 4

Y

dimensionn — r

mAF e

C(AT) C(A)

dim r

column space
all Ax

row space
all ATy

The big picture

left nullspace
nullspace ATy =0

Ax =0

N(A) N(AT)

dimension m — r

Figure from Strang, introduction to linear algebra



o« 1THE=5 Rk
dimC(A") = dimC(4) =r

e dimC(A") + dimN(4) = dimC(4) + dimN(4) = r + dimN(4) = n

e dimC(4) + dimN(4") = dimC(4") + dimN(A") =r +
dimN(4AT) = m




